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CERTAIN NEW UNIFIED INTEGRALS ASSOCIATED WITH THE
PRODUCT OF GENERALIZED STRUVE FUNCTION
KOTTAKKARAN SOOPPY NISAR
Abstract. We aim to present two new generalized integral formulae involving product
of generalized Struve function Wp,b,c (z), which are expressed in terms of the generalized
Lauricella functions. The main results presented here, being very general character,
reduce to yield known and new integral formulae. Some special cases of our main results
are also considered.
1. Introduction and Preliminaries
A solution of the following non-homogeneous Bessel’s differential equation
x2y
′′
(x) + xy
′
(x) +
(
x2 − p2) y (x) = 4 (x/2)α+1√
pi Γ (α+ 1/2)
(α ∈ C) (1.1)
is known as the Struve function Hα of order α, where Γ is the familiar gamma function
(see, e.g., [18, Section 1.1]). Here and in the following, let C, R+, and N be the sets
of complex numbers, positive real numbers, and positive integers, respectively, and let
N0 := N∪{0}. The Struve functions occur in many areas such as water wave and surface-
wave problems (see [2, 9]), problems on unsteady aerodynamics [16], particle quantum
dynamical studies of spin decoherence [15] and nanotubes [14]. The Struve functions
Hv (z) and Lv (z) are defined as the following infinite series
Hυ (z) =
(z
2
)υ+1 ∞∑
k=0
(−1)k
Γ
(
k + 3
2
)
Γ
(
k + υ + 1
2
) (z
2
)2k
(1.2)
and
Lυ (z) =
(z
2
)υ+1 ∞∑
k=0
1
Γ
(
k + 3
2
)
Γ
(
k + υ + 1
2
) (z
2
)2k
. (1.3)
The generalized Struve function is given as follows (see, e.g., [11]):
Wp,b,c (z) =
∞∑
k=0
(−c)k (z
2
)2k+p+1
Γ
(
k + 3
2
)
Γ
(
k + p+ b+2
2
) (p, b, c ∈ C). (1.4)
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An interesting further generalization of the generalized hypergeometric series pFq (see,
e.g., [18, Section 1.5]) is due to Fox [7] and Wright [21, 22] who studied the asymptotic
expansion of the generalized (Wright) hypergeometric function defined by (see [20, p. 21])
pΨq
[
(α1, A1) , . . . , (αp, Ap) ;
(β1, B1) , . . . , (βq, Bq) ;
z
]
=
∞∑
k=0
p∏
j=1
Γ (αj + Aj k)
q∏
j=1
Γ (βj +Bj k)
zk
k!
, (1.5)
where the coefficients A1, . . . , Ap ∈ R+ and B1, . . . , Bq ∈ R+ such that
1 +
q∑
j=1
Bj −
p∑
j=1
Aj ≧ 0. (1.6)
A special case of (1.5) is
pΨq
[
(α1, 1) , . . . , (αp, 1) ;
(β1, 1) , . . . , (βq, 1) ;
z
]
=
p∏
j=1
Γ (αj)
q∏
j=1
Γ (βj)
pFq
[
α1, . . . , αp ;
β1, . . . , βq ;
z
]
. (1.7)
An interesting further several-variable-generalization of the generalized Lauricella series
(see, for example, [20, p. 36, Eq. (19)]) is defined by (cf. Srivastava and Daoust [19, p.
454]; see also [20, p. 37])
FA:B
(1);··· ;B(n)
C:D(1);··· ;D(n)


z1
...
zn

 = FA:B(1);··· ;B(n)C:D(1);··· ;D(n)
(
[(a) : θ(1), . . . , θ(n)] :
[(c) : ψ(1), . . . , ψ(n)] :
[(b)(1) : φ(1)]; . . . ; [(b)(n) : φ(n)];
[(d)(1) : δ(1)]; . . . ; [(d)(n) : δ(n)];
z1, . . . , zn
)
=
∞∑
k1,...,kn=0
Ω(k1, . . . , kn)
zk11
k1!
· · · z
kn
n
kn!
,
(1.8)
where, for convenience,
Ω(k1, . . . , kn) =
A∏
j=1
(aj)k1θ(1)j +···+knθ
(n)
j
B(1)∏
j=1
(b
(1)
j )k1φ(1)j
· · ·
B(n)∏
j=1
(b
(n)
j )knφ(n)j
C∏
j=1
(cj)k1ψ(1)j +···+knψ
(n)
j
D(1)∏
j=1
(d
(1)
j )k1δ(1)j
· · ·
D(n)∏
j=1
(d
(n)
j )knδ(n)j
, (1.9)
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the coefficients

θ
(m)
j (j = 1, . . . , A); φ
(m)
j (j = 1, . . . , B
(m));
ψ
(m)
j (j = 1, . . . , C); δ
(m)
j (j = 1, · · · , D(m)); ∀m ∈ {1, . . . , n}
(1.10)
are real and positive, and (a) abbreviates the array of A parameters a1, . . . , aA, (b
(m))
abbreviates the array of B(m) parameters
b
(m)
j (j = 1, . . . , B
(m)); ∀m ∈ {1, . . . , n},
with similar interpretations for (c) and (d(m)) (m = 1, . . . , n); et cetera.
For more details about the generalized Lauricella function (1.8), the reader may be
referred, for example, to [6, 8, 17, 19, 20].
We also need the following integral formula due to Oberhettinger [13]
∫
∞
0
xµ−1
(
x+ a +
√
x2 + 2ax
)
−λ
dx = 2λa−λ
(a
2
)µ Γ (2µ) Γ (λ− µ)
Γ (1 + λ+ µ)
(1.11)
(
a ∈ R+; 0 < ℜ(µ) < ℜ(λ)) .
Many integral formulas involving Bessel functions, generalized Bessel functions, and
modified Bessel functions, and so on, have recently been established (see, e.g., [1,3–5,10,
12]). In this sequel, we aim to present two new integral formulas involving a finite product
of the generalized Struve functions (1.4), which are expressed in terms of the generalized
Lauricella function (1.8). The main formulas presented here, being very general, reduce to
yield known and new integral formulas. Some interesting special cases are also considered.
2. Main results
Here, we establish two integral formulas involving a finite product of the generalized
Struve functions (1.4), which are asserted by Theorems 1 and 2.
Theorem 1. Let n ∈ N be fixed and a, yj ∈ R+ (j = 1, . . . , n). Also, let b, c, pj , λ, µ ∈ C
(j = 1, . . . , n) with 0 < ℜ(µ) < ℜ (λ+ p) + n, where
p :=
n∑
j=1
pj . (2.1)
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Then
∫
∞
0
xµ−1
(
x+ a+
√
x2 + 2ax
)
−λ
n∏
j=1
Wpj ,b,c
(
yj
x+ a+
√
x2 + 2ax
)
dx
= A(a,p, λ, µ, pj, yj : j = 1, . . . , n)
× F 2:1;··· ;12:2;··· ;2
( [1 + λ+ p+ n : 2, . . . , 2], [λ+ p+ n− µ : 2, . . . , 2] :
[λ+ p+ n : 2, . . . , 2], [1 + λ+ p+ n+ µ : 2, . . . , 2] :
[1 : 1]; · · · ; [1 : 1];[3
2
: 1
]
,
[
p1 +
b+ 2
2
: 1
]
; · · · ;
[3
2
: 1
]
,
[
pn +
b+ 2
2
: 1
]
;
− c y
2
1
4 a2
, · · · ,−c y
2
n
4 a2
)
,
(2.2)
where 1; · · · ; 1 and 2; · · · ; 2 are n arrays, respectively, and
A(a,p, λ, µ, pj, yj : j = 1, . . . , n)
:=
(λ+ p+ n) 21−µ−p−n aµ−λ−p−n Γ(2µ) Γ(λ+ p+ n− µ)
n∏
j=1
yj
pj+1
{
Γ
(
3
2
)}n
Γ(1 + λ+ p+ n + µ)
n∏
j=1
Γ
(
pj +
b+2
2
) .
Proof. Let L be the left-hand side of (2.2). By using the generalized Struve function (1.4)
and changing the order of integration and summations, which is verified under the given
conditions of this theorem, we have
L =
∞∑
k1=0
(−c)k1 (y1
2
)2k1+p1+1
Γ
(
k1 +
3
2
)
Γ
(
k1 + p1 +
b+2
2
) · · · ∞∑
kn=0
(−c)kn (yn
2
)2kn+pn+1
Γ
(
kn +
3
2
)
Γ
(
kn + pn +
b+2
2
)
×
∫
∞
0
xµ−1
(
x+ a+
√
x2 + 2ax
)
−λ−(p1+···+pn)−2(k1+···+kn)−n
dx.
(2.3)
By using (1.11) to evaluate the integral in (2.3) and interpreting the resulting expression
in terms of the Pochhammer symbol defined (for λ, ν ∈ C) by
(λ)ν :=
Γ(λ+ ν)
Γ(λ)
=
{
1 (ν = 0; λ ∈ C \ {0})
λ(λ+ 1) · · · (λ+ n− 1) (ν = n ∈ N; λ ∈ C) (2.4)
together with the following easily-derivable identity:
λ+ k =
λ · (1 + λ)k
(λ)k
(k ∈ N0) , (2.5)
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we obtain
L =Λ(a,p, λ, µ, pj, yj : j = 1, . . . , n)
×
∞∑
k1,...,kn=0
(−c)k1 (y1
2
)2k1 · · · (−c)kn (yn
2
)2kn
a−2(k1+···+kn)(
3
2
)
k1
(
p1 +
b+2
2
)
k1
· · · (3
2
)
kn
(
pn +
b+2
2
)
kn
× (1 + λ+ p+ n)2(k1+···+kn) (λ+ p+ n− µ)2(k1+···+kn)
(λ+ p+ n)2(k1+···+kn) (1 + λ+ p+ n + µ)2(k1+···+kn)
,
which, upon the multiple summations being expressed in terms of (1.8), leads to the
right-hand side of (2.2).

Theorem 2. Let n ∈ N be fixed and a, yj ∈ R+ (j = 1, . . . , n). Also, let b, c, pj , λ, µ ∈ C
(j = 1, . . . , n) with ℜ(µ+ p) > −n and ℜ(λ) > ℜ(µ). Then∫
∞
0
xµ−1
(
x+ a+
√
x2 + 2ax
)
−λ
n∏
j=1
Wpj ,b,c
(
x yj
x+ a+
√
x2 + 2ax
)
dx
= B(a,p, λ, µ, pj, yj : j = 1, . . . , n)
× F 2:1;··· ;12:2;··· ;2
( [2µ+ 2p+ 2n : 4, . . . , 4], [1 + λ+ p+ n : 2, . . . , 2] :
[1 + λ+ µ+ 2p+ 2n : 4, . . . , 4], [λ+ p+ n : 2, . . . , 2] :
[1 : 1]; · · · ; [1 : 1];[3
2
: 1
]
,
[
p1 +
b+ 2
2
: 1
]
; · · · ;
[3
2
: 1
]
,
[
pn +
b+ 2
2
: 1
]
;
− c y
2
1
16
, · · · ,−c y
2
n
16
)
,
(2.6)
where 1; · · · ; 1 and 2; · · · ; 2 are n arrays, respectively, and
B(a,p, λ, µ, pj, yj : j = 1, . . . , n)
:=
(λ+ p+ n) 21−µ−2p−2n aµ−λ Γ(λ− µ) Γ(2µ+ 2p+ 2n)
n∏
j=1
y
pj+1
j
{
Γ
(
3
2
)}n
Γ(1 + λ+ µ+ 2p+ 2n)
n∏
j=1
Γ
(
pj +
b+2
2
) ,
and p is the same as in (2.1).
Proof. The proof runs parallel to that of Theorem 1. We omit the details. 
3. Special cases
Here, we consider some special cases of the main results.
Setting n = 1 in the result in Theorem 1, we have an integral formula involving the
generalized Struve function (1.4), which is given in Corollary 3.1.
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Corollary 3.1. Let a, y ∈ R+. Also, let b, c, p, λ, µ ∈ C with 0 < ℜ(µ) < ℜ (λ+ p) + 1.
Then ∫
∞
0
xµ−1
(
x+ a+
√
x2 + 2ax
)
−λ
Wp,b,c
(
y
x+ a+
√
x2 + 2ax
)
dx
= (1 + λ+ p) 2−µ−p aµ−1−λ−p yp+1
Γ(2µ) Γ(1 + λ + p− µ)
Γ
(
3
2
)
Γ(2 + λ+ p+ µ) Γ
(
1 + b
2
+ p
)
× 4F5
[
3
2
+ λ
2
+ p
2
, 1
2
+ λ
2
+ p
2
− µ
2
, 1 + λ
2
+ p
2
− µ
2
, 1;
1
2
+ λ
2
+ p
2
, 1 + λ
2
+ p
2
+ µ
2
, 3
2
+ λ
2
+ p
2
+ µ
2
, 1 + b
2
+ p, 3
2
;
− cy
2
4a2
]
.
(3.1)
Setting n = 1 in the result in Theorem 2, we have another integral formula involving
the generalized Struve function (1.4), which is given in Corollary 3.2.
Corollary 3.2. Let a, y ∈ R+. Also, let b, c, p, λ, µ ∈ C with ℜ(µ + p) > −1 and
ℜ(λ) > ℜ(µ). Then∫
∞
0
xµ−1
(
x+ a +
√
x2 + 2ax
)
−λ
Wp,b,c
(
xy
x+ a+
√
x2 + 2ax
)
dx
= 2−µ−2p−1 aµ−λ yp+1 Γ(λ− µ)
× 3Ψ4


(1, 1) , (λ+ p+ 2, 2) , (2µ+ 2p+ 2, 4) ;(
3
2
, 1
)
,
(
p+
b+ 2
2
, 1
)
, (λ+ p+ 1, 2) , (λ+ µ+ 2p+ 3, 4) ;
− c y
2
16

 .
(3.2)
It is easy to see from (1.2) and (1.4) that
Wp,−1,1(z) = Hp(z). (3.3)
Considering the relation (3.3) and setting n = 1, b = −1, and c = 1 in Theorems 1 and 2
(or setting b = −1 and c = 1 in Corollaries 3.1 and 3.2, we obtain two integral formulas
involving the Struve function Hp of order p, which are given, respectively, in Corollaries
3.3 and 3.4.
Corollary 3.3. Let a, y ∈ R+. Also, let p, λ, µ ∈ C with 0 < ℜ(µ) < ℜ (λ+ p) + 1.
Then ∫
∞
0
xµ−1
(
x+ a+
√
x2 + 2ax
)
−λ
Wp,b,c
(
y
x+ a +
√
x2 + 2ax
)
dx
= (1 + λ+ p) 2−µ−p aµ−1−λ−p yp+1
Γ(2µ) Γ(1 + λ+ p− µ)
Γ
(
3
2
)
Γ(2 + λ+ p+ µ) Γ
(
1 + b
2
+ p
)
× 4F5
[
3
2
+ λ
2
+ p
2
, 1
2
+ λ
2
+ p
2
− µ
2
, 1 + λ
2
+ p
2
− µ
2
, 1;
1
2
+ λ
2
+ p
2
, 1 + λ
2
+ p
2
+ µ
2
, 3
2
+ λ
2
+ p
2
+ µ
2
, 1
2
+ p, 3
2
;
− y
2
4a2
]
.
(3.4)
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Corollary 3.4. Let a, y ∈ R+. Also, let p, λ, µ ∈ C with ℜ(µ+p) > −1 and ℜ(λ) > ℜ(µ).
Then∫
∞
0
xµ−1
(
x+ a+
√
x2 + 2ax
)
−λ
Wp,b,c
(
xy
x+ a+
√
x2 + 2ax
)
dx
= 2−µ−2p−1 aµ−λ yp+1 Γ(λ− µ)
× 3Ψ4


(1, 1) , (λ+ p+ 2, 2) , (2µ+ 2p+ 2, 4) ;(
3
2
, 1
)
,
(
p+
1
2
, 1
)
, (λ+ p + 1, 2) , (λ+ µ+ 2p+ 3, 4) ;
− y
2
16

 .
(3.5)
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